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S LEARNING OBJECTIVES -

« Functions of more than one variable, limit, c.ontinuity: partial -:':'IenvﬂlWES. vanable
to be treated as constant. Total derivative, composite functu::rn. : :
« Differential equations, Exact Differential Equation. Inexact differential equation
and solution of Exact differential equation. ;
« Integrating Factor, Different Methods to obtain Integrating Factor with Examples
« Lagrange's Method of multiplier using constraints and its applications.
e
3.1 FUNCTIONS OF MORE THAN ONE VARIABLE
We are quite familiar with quantities which depend on two or more variables. As for example
the area of a triangle depends on its base and height, area of a rectangle depends on its length and
breadth. Similarly area of ellipse depends on semimajor axis a and semiminor axis b. Also extending
the idea to three dimensional cases, such as the volume of a parallelopiped depends on three variables
length, breadth and height.
Hence we can say mathematically that z is called a function of two variables x and y if z has
a unique value (definite value) for every pair of value of x and y. It is denoted by z = fix, y).
Here x and y are called Independent variables while z is called the dependent variable.
| The set of points (x, y) in the xy plane for which f(x, y) is defined is called the domain of the
ﬁmr:tl-.‘;i':: The set of corresponding values of z is called the range of the functi
imits : [f z= : . e, g ol [
y-» b and oly i e s dependent ot e S A
_ 3 ependent of the path when x — a, y — b. It is denoted by
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Hence the limit along any path is same

2 2

IR x —Y
i€, {:,P}-Ta.l]ﬁ? =0 \hich is also equal to {0, 0) as (0, 0) = 0. Hence the m d
function is continuous at the origin. ¥
Example.4 : Show that the function fix, y) =x* + 2y (x, y) # (1, 2)
=0 (xy=(12)

is discontinuous at (1, 2)
Ans. ’l%lf(x,y}= Eiﬂ;(x‘ +2y)= lim(1+2y)=5
¥ ¥+

Also Eiﬂ(:’-g-ly]:liﬂ(x’ +4)=5. Butfix,y)=0atx=1,y=2

¥l
Hence {n.rlgﬂulf(x’ y) ;ef(a,h} . Hence the function is discontinuous at (1,2)
PARTIAL DERIVATIVES

wﬁzzmi::w ;ﬁpmgf-?'w.'“ x and y, then if we treat y as constant 4
N T X keeping y as constant is called partial derivative of 2 with

respect o x. It s d

respect 0 y and is repres y Y keeping X constant is called partial derivative of z with
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So integrating above
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Example - 3 ;

Find Integrating factor and solve

L3ydx+2xdy=0 2.ymndx+23in1dy=ﬂ
3. 2dx + sec x cos y dy = (),

Y=o, 4. Isinydx+msydy
Solution. 1. 3y dx + 2x dy=0
Multiplying above equation by x%y we get ;

3x’y? dx + 2xy dy = 0 which is now exact differentia] equation as
M 6N

::rx=cyﬁey"

So x% ig integrating factor.
The solution is obtained g d(x’y*) = 0 or x?y2 = ¢
2. y cosx dx + Zslnxdy=ﬂwhir.:his not exact

But by multiplying aboye equation by y we get:
¥ cos x dx + 2y sin x dy=0 which isnnw":!’ o
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e differential equation (2) is given by
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——eo LEARNING OBJECTIVES i

« Recapitulation of vectors

Additional of two vectors .
Parallelogram law of vector addition

Properties of vector addition ) ;
Rectangular components of a vector (in 3 dimension)

L]

L ]

L

L ]

» Position vector
L

L ]

L

L]

Scalar product
Veector or cross product
Rotation of co-ordinate axes
Scalar triple product

« Vector triple product

41 RECAPITULATION OF VECTORS
\ quantity which needs both the magnitude and direction for jts complete description
called vector. In addition the quantity should obey vector laws of addition and
multiplication
Some examples of vector are displa velocity acceleratio e. Li st
weight, Angular Momentun o i ﬁ;:'m, locity mlm n, Force, Linear momentum
o .'BL L]. - 1 i | > X -
. r"::'*“l;'sq:::“'}’ IS “-"f“ wﬁ' which has magnitude only and no direction.
e CXhmy mass, time, distance, Speed, temperature, work, power, energ

volume etc.
Repersentation of a Vector - ’

A vector is represented Phhl“}F = s . 3
chosen scale and rff:ling an -lg::aw mukb:g't;?w line of suitaple length drawn accoring to a
direction of Even vector. The kﬂﬂﬂl lh'ﬂ the mqﬁ‘* Y Tepresents the P
initial point of vector jg called the origin or tail wh s Nﬂlﬂmtﬂr The
head or lermunus of lermina| point, it 5 lh'm 1S called

] 0 A
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orresponding letter such as A and s
of simply A

g s represented by placing an arrow o (he 0
ulus of a vevior A I8 representad by ,n;,i

r8. Two vectors are said 10 be equal if they have same magnitude
' A

: ---—¢I;.
=|B| and they point in same direction.
v m.thmumnidluhmpﬁwﬁmmhu if thewr magnitudes

&

ual and they have opposite direction. ::** AssB
zero) mhwmmmuﬂmlm&uﬁlhﬂ

ear vecto \I’u‘.‘lur!lu\rmg same line of action are called collinear vectors. '
: Two vectors A and B :r:pnnll:lrl'thqpmlnmmm
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5. FPolarveclors wﬂﬂﬂd polar vectors position VECoh
diectionl effect 8¢ C5C oy acceleration force etc

hnm_r?ﬂﬂ:“?j
mmm!ﬂﬂf%nmmm of rotation

1. ol vecors. o0  pramples ar angular velocity,

anguhrmmnlmﬁ
Two vectors Aand B can be added to give the resultant vestor

cording to either . 3
R 2 (i) triangle law of vector addition. or (i) parallelogram law of vector addition,

If AandB are represented by the two sides of a triangle
taken in same order (sense) then the resultant is represented by the
third side of traingle taken in opposite order,

So, A+B=R

43 PARALLELOGRAM LAW OF VECTOR ADDITION 74

If the two adjacent sides of a parallelogram represent two
vectors then the djagn}nal of the parallelogram will represent the

resultant (vector sum of ﬁamiB}
From both the laws ofvectnraddmonw:tgﬂtmagmludeandﬂ
duucuunofresu[t&nmft\mwﬂm ﬁ+B.

So, R=vA?+B?+2ABcosd where. 0is angla h:ﬁ?fe&n
AandB - e -5

. —=*
of vector — g to
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A

ﬁ] 1t obeys commutative law, i.e., A 4 B= B4+ X
Eﬂ It obeys associative law, ie, A+ [B*C} ={1+ H] +E. g R_* ﬁ+é
”g:tﬂ of Vector Addition :
e :ﬂitﬁﬂnﬂ or sum of more than two vectors can be obtained using polygonlaw of veetor
n. According to this law if a no. of vectors acting simultancously at a point are represented
and direction by Fhr: sides of an open polygon taken in same order then the resultant
ed by the closing side of the polygon taken in opposite order.

T
E
- R
D =
g — G i e C - g gy
B R=A+B+C+D 0 SoR=A+B+C+D
B
O i P
'ﬂ‘_

*CTANGULAR COMPONENTS OF A VECTOR (IN 3 DIMENSION)

A make angles, a, p and y with x, y and z axes respectively.

-, = FL,D-E‘I = ;':.: ’DT = A? ‘[}5 =A,
So OM+MP=0P or OM+OT=0P ==

Also OS+SM =0M or 0S+ON=0M

Then equation (1) becomes OP = 0S+ON+OT X
i <% i
::.::.:-_: §=hn+ Ay'i"A-s ““'"(3] »
[ 3 - "‘.:._.
A LA, =A A=Ak /
e L SR R @)

:_.':-_i':l.t,u {3-] lmm R: Alafl-' ;.3-]+A:E

. = 3 in cartesian coordinate system.
X s . are Rectangular (vectr) compensi SRR
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i
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Sy fa)
B ot 7 is v by, A= AL A TATIER O
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ﬁms OF VECTOR ADDITION ; M |
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| 2= 5 Scalar product of collinear vectors 181

(a) For parallel vectors 8 = (°,

1 B A A—ABcos0=AB :
(b) For Anti-parallel vectors 8 = 150"
;L.E=AECOSIEG=—ﬁE_ e X
1

| 6. Geometrical meaning of scalar product
Scalar product of two vectors is the product of the
magnitude of either vector and the projection or
component of the other in its direction.

OM
In A OQM, msﬂ:a or OQcosf=0M

~ or OM = B cos 6 s the projection or component of 0

- B cosB

Heme Rﬁ-_. ABcosf = A (Projection or component of ﬁﬂfnngﬂ. )
¥ Lo - -+

Similarly B.A = BA cosf = B (Projection or component of AalongB ).

‘ Product of scalar product with a vector :
‘The scalar product is a number. So it can occur as a numerical co-efficient of a vector.

e T T

i (A.B)C is a vector of magnitude {E.E]E in the direction of E . E
‘Scalar product of Two vectors is distributive : s S

e, R[ﬁ +E] =A.B+A.C

: 1s the resultant of ﬁ andE ; 0 i

o

S0, the scalar product of Aand(B +C)=D () is given by A.(B+C)=A.D=A-
(ijecﬁm of E}aiﬂng R)

, 4 a) — A(ON) (- ONis projection or component of D= [E + E) along A ).
: . e
"A(B+C)=A(OM +MN)
A(B+C)=A(OM)+A(MN) (1)
M is projection of Balong A

is projection of Ealung;': - n

—+ -

A(OM)=A.Band A(MN)=A.C.
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Vector Algebra

Characteristics of Vector Product -
1. It is not commutative

e A8 )#(Bx & ) bu (AxB)=(8x2), 1.2

-+ -+

as A, p=(ABsin®)n

oL

ﬁx .;i: Bﬁmﬂ{-ﬂ]a:-—ﬁﬂqlnﬂﬁ 9

W
-1

- (t)(5.8)  3:5) ()
Vector product of A vector with itself.

. - ~
Ax A =AAsin0n = Null vector.
Vector product of perpendicular vectors when

e:% then Axﬁ':[msmg}ﬁmﬂﬁ,_

¥

Vector product of collinear vectors.
(a) For parallel vectors 0 = (7,

-

;':x B = ABsin0 n = Null vector.
(b) For Anti-parallel vectors 8 = 180°,

;Lx B = ABsin IE[}H = Null vector.

Vector product of unit vectors. &

?xf=jx3=ﬂx17:= Null vector.

A

1T>f3=k,jxﬂ :?i;i:x;:j but jx€=—E,£x3=u?,§xE=_}_

Unit vector perpendicular to both the vectors, we know (;{x E) =(ABsin B)ﬁ 3

ape A%H_BB A ﬁx]j :
S
Vector product in terms of rectangular components,

Let A=iA, +JA, +kA,, B=iB, +iB, +kB,

[Rxﬁ]zlhx +3A, +kA, )x(iB, +1B, +kB,) =i, (iB, +
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Vvector Algebra
Vector -~

1 l : 1 — —b
—.z{f)i’]QQT} ;E.ﬁﬁsme=5|ﬁ.xﬁ|
P
Le, -2—| AxB| gives Area of the Triangle.

- — o — == - =
10. Vector product of Two vectors is distributive 1.€., A"[B + {:)= xB+ AxC

Let Alzhx + ]A +EAI,E="|LB: +3E!r + EBF,EJCI + jCy +kC,
ﬁ+E=i{E,\+C_.]+3{B?+L‘.y]+f:{Bt+C,}
Ax ﬁ+E)={Tﬁx+h}_+EA9]x[f{B!+C,}+3(E,.+C,,)+E(Bz+czl]
=A,(B,+C,)k-jA, (B,+C,)-kA (B, +C,)
+1A,(B,+C,)+jA, (B, +C,)-1A,(B,+C,)
=(A,’.Bi—ﬁzﬂr)'i‘+{hzﬂ, —ATB=}3+(H,B,—MEI)E

+(A,C,-AC,)i+{A.C, -AC,)i+(AC, - AC, )k

] or Ax(B+C)=RxBs AxC
| Some Examples of Product of Two Vectors in Physics :
1. Work done As Scalar Product :

If a Force f (assumed to be constant) acts on a body such that § is the displacement and 6
l - B

| is the angle between F and § then work is defined as the product of the component of force along
: direction of displacement and magnitude of displacement.

| Sowork W= (Fcos 8) S= ﬁ . g which is a scalar quantity.
| -

1 -

If various forces, ﬁﬁ;pu act on a particle for

k.

k displacement [ then Total work done is<

(a4

W=E§¥=?Zﬁ=?ﬁ where E:Zﬁ is the vector sum 1
] of all the forces acting on the particle. _




ey +dS§ -
piEd = dt[F SJ L

3. Flux of a Vectof .




for ra

I == -

1 D . )

r Eﬂ'“‘l’le' {5:Ifaforce F=_3j4+2)+2k acts as a point 2j+ 3].,.4{:‘ find the moment of .
force about the origin.

¢

i Amswer : mMoment of force is rl\ rx F} ={1; : J"j+4ﬁ‘)>-c(—3i + 1]+ 11?)=—1E— [ﬁ}+ 13k.

mple - 16 : A rigid body is rotating with angular velocity 5 radian per second about an

Exa B s
' axis parallel to 4; - 2j + k through the point 2i— j+k. Find the magnitude of

the velocity of point of rigid body at 3i+2j— k-

Answer : The position vector is given by

r=(3+2)-k)-(2i-]+k)=i+3j-2k

R S S—

Angular velocity i on = 5= 4'_:.%'“'1: =

2 2 i
J& +(=2) +(1) "
; 54'5'-:]‘+i£} &
. of W=—— =~ 4
21 | ifg
So, velocity of the point := ;.:x_+ ; . 18
[ H;J
T e e SO P e hA, R R - | H
=2 (4-2i+k)x[i+3j-2k)=—=|i+91+]4k 5
E _‘fﬁ{ ] ] ( ] } N&_]( ] \
‘
. i : 5 5 IS

Its maenitude is given by, V =—+/1+81+196 ———J278=18.2. 1]
i Tl ] -
49 ROTATION OF CO-ORDINATE AXES : (PROPERTIES OF VECTOR UNDER I."';
ROTATION) |
vector transforms under rotation. Let us consider the ‘ 3

Let us discuss the manner in which a
three dimensional cartesian coordinate system (x, v, z). Let the rotation be

d ates are rotated counter clockwise through angle B keeping position vector 'lf fixed. Let ,

around z axis i.e X, y co-

P is the point with the coordinates X, y and 2. such that 7 —xj +yjrzk: “

ilarly let x', y' and z' be the co-ordinates of the point when axis is rotated by an angle 6
new coordinate system (primed system). It is shown in the figure below. ‘
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e ¥

In A CDP, sinfl =Erg orCD=PCsinf [CD= : B
Hence OB = OA+ AB i.e., OB = x cos 8 + y sin 6.

| or [x'=xcosf + ysin) N (1)
as OB = x’ along X' axis.

Now in A OEF, msa=.g_§. Sohor

: : FG e
Alsoin AFPG,sinfl=— orFG =
PF =

or [FG = xsinf]. But FG = EH.

Then OH = OE—- EH ory' =
or [}"_=~xsiuﬂ+ym§f -y

Finally
Hence equation (1),
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| cost sinB 0
and R(B)=| —sinB cosh 0
t s

which changes the position vector.

* ¢ under rotation of coordi
SN Inate axes about z-axis in counterclockwise sense.

So. R (0) is called Transformation matrix Or rotation matrix
Also we know that vector can be represented by coordinates AN . ;
es of a point
(o the vector components. So the components of vecto point which are proportional

r should transform under rotation of coordinate
axes. So let [ﬁs,‘ A ] be the components in primed coordinate system under rotation and (A, AL)
J be the components of vector in the un {
(1) and (2) we have,
' AK'=AIBQ.?B+ArsinB.
ﬁr* ==A sinf + AI cos 0,
Component of A along Z axis remains unchanged.
Fe T = A

In terms of x and y components we find the magnitude of A as A = JAL+AL (T
Also under rotation of coordinate system the new components of vector are A and A s0

that the magnitude of the new vector under rotation about z-axis will be given by 1,||*-ﬂ*.': +A': .

primed coordinate sytem, then following equation

=J(*"h cosB+ A, sinﬂ]: +(—A1 sinf + A, mry:’iii]3

:1||'A: +A: which is same as in equation (7).

- Hence though the components of a vector may change under rotation by some angle, but the
m@hﬂﬁ of the vector in the unprimed and primed coordinate system remains invariant. (The
‘magnitude of the vector is a scalar quantity and so it must be invariant under rotation of coordinate
axes. This is an important property of vector. Also it can be shown that the direction of the given

o =+ e B W . =
Veetor A remains unchanged or invariant under rotation of the coordinate axes though the

ts of vector may change to new values, Hence the vector A is independent of the

0f the coordinate system. The vector equations are independent of any particular coordinate
e coordinate system may be cartesian or any other system),

of Scalar product of Two Vector under Rotation :
alars are independent of the coordinate system. Let us examine the behaviour of scalar

- wo Vectors A.B under rotation of the coordinate axes.
Ve consider the rotation of the cartesian coordinate system about Z-axis by angle 8 then

article, the transformation of the components of vector R for oo
through angle 6 about Z-axis are given as A







The volume of the parallelopiped.
= (Area of its base) (vertical height or altitude),
= (Area of parallelogram OSTQ) h. . ﬁ! E

=;-f?'.x<5! (Acosd)

=AD cos ¢ where ﬁ:[ﬁxé][lﬂ}

D .. D=|BxC|

=;{.(éx6]

I
-

—p
This value of scalar triple product is positive if ¢ is an acute angle. (If A,B,C
handed system of vectors.)

Also this value is negative if ¢ is obtuse i, A,B.C form a lef handed system.

Characteristics of Scalar Triple Product :
1. Condition for three vectors to be coplanar :

If E_H. andC are coplanar, then value of scalar triple product is zero. In this case volume of
the parallelopiped becomes zero. i.e., [;{_ﬁ E] =1)s
2. If any Two vectors of a scalar triple product are equal then the product is zero.
e, | &.A.B|=| 488 K.&.¢] ec. vanish
- As [E,E ,l_é] :E.(ﬁ 3 ﬁ} = Zero.
3. If two of the vectors are parallel the value of scalar triple product is zero. So if g is parallel
to E ie., §= K,_ﬂ: where K is a scalar then [;é E} =[R xﬁ)& =(;!: xK;':].E'zl}

- as K x ;':. =1);
4. The value of scalar triple product depends on the cyclic order of vectors.
Any one face of the parallelopiped may be taken as its base so volume of parallelopiped

mﬂ'?e be given as ﬁ(ﬁ ® Ejanda‘[i b ﬁ) 1.e., cyclic order of RE de are maintained.

@

e [R3E)-[3ER] - [CAE]-v e voume of puatepipes
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13. Show that [A =B ,| is pe It A -
If”,[r_*_"vae that [A xB,B x f.(-:' » A:| - [A E{:‘ ,
15. Find the value of a such that the vectors 2?—:i+ k i+ 2]— 3k and 3i+ aj+ 5k are coplanar.

Ans, - 4

16. Find the unit vector which is perpendicular to 7i+mj+nk and lies in Xy plane.
l A i
Ans. Jﬁm ( }
17. Show that vectors —6i+9j—12k and 2i— 3j+ 4k are parallel.
18. Find the angle between diagonal of a cube and one of the edges it meets at a verte.

1
@=cos™ —h]
Ans, { [ ﬁ

19. Find the value of m and n so that [2?+ 3]—5i)q(mi—j+3ﬂ} and[i+ j+ nk) are collinear,

#

(\%E A vector A is turned through angle 6 about the initial point, Prove that the magnitude of
change in vector is 2A sing :

Scalar and Vector Fields :

When a physical quantity is expressed as a continuous function of the position of a point in
region of space, then the quantity is called point function, The region in which the physical quantity
is specified is called as a field.

Scalar Field : It is defined as the region of space, such that each point of it, a scalar point
function is linked. It is represented by a continuous function which represents value of the scalar
quantity. It is represented by a continuous function which represents value of the scalar quantity, It
is expressed as ¢ (x, y, z) of f (x, y, z) which is real and depends only on the point P (x, y, z) in
Space, but not on any particular coordinate system used. Some examples of scalar fields are
distributioin of temperature on a heated body, Electric potential, magnetic potential, gravitational
!J'_:Hlltials elc, in a region of space. /\
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